Abstract. We establish a Lefschetz hyperplane theorem for the Berkovich analytifications of Jacobians of curves over an algebraically closed non-Archimedean field. Let J be the Jacobian of a curve X, and let W d ⊂ J be the locus of effective divisor classes of degree d. We show that the pair (J an , W an d ) is d-connected, and thus in particular the inclusion of the analytification of the theta divisor Θ an into J an satisfies a Lefschetz hyperplane theorem for Z-cohomology groups and homotopy groups. A key ingredient in our proof is a generalization, over arbitrary characteristics and allowing arbitrary singularities on the base, of a result of Brown and Foster for the homotopy type of analytic projective bundles.
Introduction
The main objective of this paper is to establish, for Berkovich analytifications of Jacobians of curves, a Lefschetz hyperplane theorem for Z-cohomology and homotopy groups. Let K be an algebraically closed field complete with respect to a non-trivial non-Archimedean norm | · | K . Let X be a smooth projective curve over K of genus g, and let J be its Jacobian. Let W d ⊂ J be the locus of effective divisor classes of degree d. 
→ J
an induces isomorphisms between Z-cohomology groups of dimension < d, and an injection in dimension d.
Let D denote an ample divisor on a smooth projective variety Y of dimension n over K. As a consequence of the -adic Lefschetz hyperplane theorem [Del80] and of Berkovich's weight 0 comparison theorem [Ber00] , the inclusion D an → Y an induces isomorphisms between Q-cohomology groups of dimensions < n − 1, and an injection in dimension n − 1. However, Payne noticed that the previous statement does not hold in general if we replace Q with Z, or if we replace cohomology groups with homotopy groups [Pay15, Example 17] . Let Θ denote the theta divisor of J. In the same paper, Payne suggested that the pair (J an , Θ an ) may satisfy a Lefschetz hyperplane theorem for Z-cohomology and homotopy groups [Pay15, Example 16] . Since W g−1 is a translate of Θ, as a special case of Theorem A, we show that that a Lefschetz theorem for Z-cohomology and homotopy groups indeed holds for the pair (J an , Θ an ). In general, the Poincaré formula says that C, the classical Lefschetz hyperplane theorem [Mil63, §7] an has a skeleton Γ, which is a metric graph. We know from [Ber90, BR15] that the Jacobian J(Γ) of Γ is a skeleton of J an . In particular, there is a canonical retraction map from J an onto J(Γ) 
an is a homotopy equivalence. Moreover, if we suppose the field K has a countable dense subset, then we can take L = K.
Brown and Foster have shown in [BF14] that over K = C((t)), if f : X → Y is a projective bundle with Y smooth, then f an : X an → Y an is a homotopy equivalence. Their argument follows the minimal model approach developed in [dFKX12, MN15, NX13] . The assumptions of equi-characteristic 0 and of Y being smooth (or mildly singular) are essential for this method.
We follow a different approach, which works over K of arbitrary characteristic and allows arbitrarily bad singularities for Y . Recall from [HLP14] that over K with a countable dense subset, the analytification X an of a quasi-projective K-scheme of dimension d embeds into R 2d+1 ; in particular X an is metrizable and has a countable dense subset. Therefore, we can apply the Vietoris-Begle-Smale mapping theorem [Sma57] to show that over such K, any proper surjection f an : X an → Y an is a homotopy equivalence if the fibers of f an are contractible. We conclude the proof of Theorem C with a spreading out argument (see §4).
Remark 1.1. One could ask if the conclusion of Theorem C holds without having to pass to a finite extension L of K. We are not aware of examples of morphisms f satisfying the hypothesis of the theorem for which f an fails to be a homotopy equivalence. The finite extension is used only to apply [HL16, Theorem 14.2.3].
Metric Graphs and their Jacobians
Recall from [BF06, MZ08] that a metric graph Γ is the geometric realization of a graph G = (V, E) equipped with an edge-length function : E → R >0 . Each edge e is identified with a line segment in Γ of length (e). We associate to Γ the real torus
i.e. the Jacobian of Γ.
Fix a full-rank lattice Λ in a real vector space V . Given a positive definite quadratic form on V , the Voronoi polytope Vor(Q) associated to Q is the set of points
Set Λ = H 1 (Γ, Z), and consider the positive definite quadratic form Q(Γ) on H 1 (Γ, R) given by
where e∈E a e e is a 1-chain. The theta divisor Θ(Γ) of J(Γ) is the image in J(Γ) of the codimension 1 skeleton of the associated Voronoi polytope Vor(Q(Γ)).
2.1. Divisors of a metric graph. We now review the theory of divisors on a metric graph. For further details and references, see [BF11, MZ08] . A divisor is a finitely supported element D = x∈Γ D x x of the free abelian group on Γ. Let f : Γ → R be a piecewise linear function with integral slopes, let ord x (f ) denote the sum of outgoing slopes of f at x, and let div(f ) be the divisor defined by the sum 
Effective divisors.
A divisor is effective if all of its coefficients are non-negative; a divisor class is effective if it contains an effective representative. Let Example 2.1. Let Γ be a bouquet of n circles of arbitrary lengths. Let e 1 , ..., e n denote the cycles in H 1 (Γ, Z) defined by the edges of Γ. Then Vor(Q(Γ)), up to translation by κ = 1 2 1≤i≤n e i , is the cube with vertex set { i∈I e i } as I ranges over the subsets of {1, ..., n}. From this, one can easily show that . From this, one can deduce that Θ 1 (Γ) is a graph with 4 vertices and 9 edges, and therefore has genus 6. However, W 1 (Γ) is homotopic to Γ, which has genus 3, and therefore cannot be identified with Θ 1 (Γ). 
As noted in the introduction, the key technical step of the proof of Theorem 3.1 consists in showing that the natural map Sym
is a homotopy equivalence. First, let us recall some basic facts about symmetric products of topological spaces.
3.1. Symmetric products. Given a topological space ∆, the dth symmetric group S d acts on the product ∆ d by permuting the factors. The dth symmetric product Sym
As noted in [Hat02, §4K] , taking symmetric products preserves homotopy equivalence in following sense. A continuous map f : ∆ → ∆ induces a continuous map Sym
Example 3.2. By the fundamental theorem of symmetric functions, there is a canonical homeomorphism Sym 
Remark 3.3. The proof is a generalization of Example 3.2, where C * is replaced by C minus b points in general position.
Lefschetz for W d (Γ). There is a natural inclusion Sym
The following is an essential ingredient in our proof of Theorem 3.1.
Proposition 3.4 is a consequence of the contractibility of the fibers of α
p , as we now explain. First, recall that given a divisor D, the complete linear series |D| is the set of effective divisors equivalent to We also recall that a continuous function φ : M → N is a weak homotopy equivalence if the induced map φ * ,n : π n (M ) → π n (N ) is an isomorphism for all n. The following is a theorem of Smale, also known as the Vietoris-Begle-Smale mapping theorem.
Theorem ([Sma57, Main Theorem]). Let φ : M → N be a proper surjection between connected locally compact metric spaces with a countable dense subset. Suppose M is locally contractible, and suppose φ −1 (p) is contractible for all p ∈ N . Then φ is a weak homotopy equivalence. By Whitehead's theorem, a weak homotopy equivalence φ : M → N is a homotopy equivalence if both M and N has the homotopy type of CW-complexes. Given a CWdecomposition on Γ, there is a natural way of putting a CW-structure on Sym
, we know that we can write W d (Γ) as the image of a finite union of polytopes in H 1 (Γ, R). In particular, this implies that W d (Γ) also admits a CWdecomposition.
Proof of Proposition 3.4. By Whitehead's theorem and the Vietoris-Begle-Smale mapping theorem, it suffices to show that the map Sym d (Γ) → W d (Γ) has contractible fibers. As observed above, the fibers of the map are contractible by [HMY12, Corollary 30] , and the theorem follows.
We now prove Theorem 3.1. Choose a basepoint p ∈ Γ. There is a natural map Γ → Sym d (Γ) given by
such that the following diagram commutes.
The map α p, * :
is an isomorphism in dimensions < d, and a surjection in dimension d. 
Analytification of Morphisms with Projective Fibers
4.1. Berkovich analytification. Let K be a field complete with respect to a non-trivial non-Archimedean norm | · | K . Berkovich analytification associates to each scheme X that is locally of finite type over K an analytic space X an . If X = Spec A, then the points of X an are multiplicative seminorms | · | : A → R ≥0 extending the given norm on K. The topology on X an is the coarsest topology such that, for each a ∈ A, the function on X an given by | · | → |a| is continuous. In general, given an affine cover X = ∪ i U i , there is a natural way to construct X an by gluing together the U an i : see [Ber90] for more details.
There is a nice correspondence between the scheme-theoretic properties of X and the topological properties of X an .
Theorem ([Ber90, Theorem 3.4.8]). The scheme X is separated (resp. connected, resp. proper) if and only if X an is Hausdorff (resp. path-connected, resp. compact).
The sheaf of functions on X determines a sheaf of analytic functions on X an , and each morphism f : X → Y induces a morphism of ringed spaces f an : X an → Y an . Analytification is thus a functorial construction taking X to the category K-An of K-analytic spaces. Since we are only interested in the topological properties of analytifications, we refer the reader to [Ber90] for the details of these constructions. For our purposes, we only need the following. Suppose we have a morphism f : X → Y .
Proposition ([Ber90, §3.4]).
The morphism f is injective (resp. surjective, resp. proper) if and only if f an is injective (resp. surjective, resp. proper).
Let p ∈ Y an . As discussed, there is an associated point Spec
There is a natural homeomorphism Let K be a subfield of K and let X be a scheme over K . For any extension F of K , let
Lemma 4.3. Suppose we have f : X → Y satisfying ( †). Then, there exist a nonArchimedean subfield K ⊂ K, a model X (resp. Y ) over K of X (resp. Y ), and a morphism f K : X → Y such that the following holds.
(1) The field K has a countable dense subset.
(2) The models X and Y are quasi-projective.
(3) The morphism f K satisfies property ( †).
Proof. First, we show that there is a non-Archimedean subfield Q of K with a countable dense subset. Let q = char(K), and let F = F q if q is prime and Q otherwise. Then F ⊂ K. Let T be a non-zero element in the maximal ideal of the valuation ring R of K, and let Q be the completion of F(T). Then F(T) is a countable dense subset of Q. Given a finite collection T := {T 1 , ..., T n } ⊂ K, let Q T be the completion of Q(T 1 , ..., T n ). Then Q T has a countable dense subset, i.e. the subfield F(T, T 1 , ..., T n ). Since K = lim − → Q T , the lemma then follows from a spreading out argument (see [Gro66, Théorème 8.10 .5]).
an is a homotopy equivalence. Moreover, if we suppose the field K has a countable dense subset, then we can take L = K. 
an are homotopy equivalences. Then, f L also satisfies ( †), and thus (f L )
an is a homotopy equivalence since L , being finite over K , has a countable dense subset.
Let L be a finite extension of
Skeletons and Product of Strictly Polystable Models
Given X over K, we say that a CW-complex ∆ is a skeleton of X an if there is an inclusion ∆ → X an and a deformation retraction h t : X an → X an onto the image of ∆. Let R denote the valuation ring of K. In this section, we review the construction from [Ber99] of skeletons of X an given by strictly polystable R-models X of X.
5.1. Skeletons of Strictly Polystable Models. From this point onward, fix a non-zero element T in the maximal ideal of R. A locally finitely presented formal scheme X over R is strictly polystable if, for every x ∈ X, there is an affine neighborhood U of x such that the morphism U → Spf R factors through anétale morphism U → Spf B 0 × .. × Spf B j where each B i is of the form
for some a ∈ R. A scheme X over R is strictly polystable if its T-adic completion X is strictly polystable. Given X strictly polystable, let X η denote the generic fiber of X (in the category K-An). In the paper mentioned above, Berkovich constructed a CW-complex ∆(X) associated to X, called the skeleton of X. The complex ∆(X) has a natural inclusion ι X : ∆(X) → X η , and a there is an associated deformation retraction h X t : X η → X η onto the image of ∆(X). Remark 5.1. Suppose we have a strictly polystable R-model X of a scheme X over K, and suppose X is proper. Then, the generic fiber X η of the T-adic completion of X is in fact equal to X an . Thus, ∆(X) is a skeleton of X an .
Example 5.2. A scheme X over R is called strictly semistable if for all x ∈ X there is a neighborhood U of x such that the map U → Spec R factors through anétale morphism U → Spec B where B is of the form
for some non-zero element a in the maximal ideal of R. Clearly being strictly semistable implies being strictly polystable. Let X 0 denote the special fiber of X . Then, X 0 is a simple normal crossing divisor. Let {Z i : i ∈ I} be the set of irreducible components of X 0 . Let P(X 0 ) be the poset with underlying set {W ⊂ X 0 : W is a irreducible component of ∩ i∈J Z i for any J ⊂ I} and ordering given by reverse inclusion. Recall that the dual complex ∆(X 0 ) of X 0 is a ∆-complex whose poset of faces is naturally isomorphic to P(X 0 ). Let X denote the T-adic completion of X , then there is a canonical isomorphism ∆(X) ∼ = ∆(X 0 ).
Skeletons of Products.
A morphism of R-formal schemes X → Y is trivially polystable if it isétale locally isomorphic to a projection U × V → V where U is strictly polystable.
Theorem ([Ber99, Theorem 8.1.viii]). Suppose we are given a trivially polystable morphism f : X → Y between two strictly polystable formal schemes over Spf R. Let f η : X η → Y η denote the induced morphism on the generic fibers. Then the deformations retractions h X t : X η → X η and h Y t : Y η → Y η commute with f η . In other words, for all x ∈ X η and t ∈ [0, 1], one has that f η (h 
Moreover, let r X = h X 1 denote the retraction map from X η onto ∆(X), and let r
Then the following diagram also commutes. 
6.2. The skeleton. Choose σ ∈ S d . The corresponding automorphism σ : 
Lemma 6.1. The above action of S d on ∆(X)to X . Since Γ is naturally homeomorphic to ∆(X), we have a tropicalization map X an → Γ given by the retraction r X of X an onto ∆(X). For details and references on skeletons and tropicalizations of non-Archimedean curves, see [Ber90, BPR13] .
7.1. Retraction of divisors. Assume, for the rest of the section, that the residue field k of R is algebraically closed. Let L be an extension of K, and let B ⊂ L be its valuation ring. Then X B := X ⊗ R B is a strictly semistable B-model of X L , and there is an canonical isomorphism between Γ and the tropicalization of X L with respect to X B . In particular, we have a map r L : X L (L) → Γ, given by composing the tropicalization map from
Since X is a smooth projective curve, we have an inclusion L is given by composing the retraction map r
Proof. Consider the following diagram, with the left square being induced by the commutative diagram from Theorem 6.2.
To show that the right square commutes, it suffices to show that the outer square commutes.
Hence the outer square commutes, as both
7.2. Abel-Jacobi. Let J denote the Jacobian of X. Recall from [Ber90, Theorem 6.5.1] that there is a natural inclusion ι J from the Jacobian torus J(Γ) into J an , and a deformation retraction h J t : J an → J an onto the image of J(Γ). Suppose that X(K) = ∅. Fix a basepoint P ∈ X(K), and let p := r K (P ).
Proposition ([BR15, Proposition 6.1]). Let α P : X → J (resp. α p : Γ → J(Γ)) denote the Abel-Jacobi map based at P (resp. the tropical Abel-Jacobi map based at p). The following diagram commutes, where r J is the retraction map J an → J(Γ). 
The commutativity of the bottom square now follows, as every points x ∈ Sym d,an (X) lies in the image of Sym d (X)(L) for some L.
Non-Archimedean Lefschetz
We continue to follow the notations of §7. From this point onward, K is assumed to be algebraically closed. In particular, X(K) = ∅, the residue field k is algebraically closed, and X always admits a strictly semistable R-model X . Fix X . By Lemma 8.1, the top arrow is a homotopy equivalence. By Theorem 6.2, the left arrow is a homotopy equivalence. Finally, by Proposition 3.4, the bottom arrow is a homotopy equivalence, and thus the right arrow is a homotopy equivalence.
8.2. Proof of non-Archimedean Lefschetz. We now establish our Lefschetz hyperplane theorem for non-Archimedean Jacobians. 
